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Abstract We discuss the Adams Spectral Sequence for i?-modules based 
on commutative localized regular quotient ring spectra over a commutative 
S'-algebra R in the sense of Elmcndorf, Kriz, Mandell, May and Strickland. 
The formulation of this spectral sequence is similar to the classical case and 
the calculation of its E2-tcrm involves the cohomology of certain 'brave 
new Hopf algebroids' E^E . In working out the details we resurrect Adams' 
original approach to Universal Coefficient Spectral Sequences for modules 
over an R ring spectrum. 

We show that the Adams Spectral Sequence for Sr based on a commutative 
localized regular quotient R ring spectrum E — R/IlX -1 ] converges to the 
homotopy of the .E-nilpotent completion 

w*L e Sr = 

We also show that when the generating regular sequence of /* is finite, 
h E Sn is equivalent to h E Sr, the Bousfield localization of Sr with respect 
to i?-theory. The spectral sequence here collapses at its E2-term but it does 
not have a vanishing line because of the presence of polynomial generators 
of positive cohomological degree. Thus only one of Bousfield's two standard 
convergence criteria applies here even though we have this equivalence. The 
details involve the construction of an J-adic tower 

R/I < — R/I 2 < < — R/I s < — R/I s+1 < 

whose homotopy limit is L e Sr . We describe some examples for the moti- 
vating case R = MU . 
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Erratum 

While this paper was in e-press, the authors discovered that the original versions 
of Theorems 6.3 and 6.4 were incorrect since they did not assume that the 
regular sequence Uj was finite. With the agreement of the Editors, we have 
revised this version to include the appropriate finiteness assumptions. We have 
also modified the Abstract and Introduction to reflect this and in Section 7 



have replaced Bousfield localizations L E X by .E-nilpotent completions Xj E X. 
As far as we are aware, there are no further problems arising from this mistake. 

Andrew Baker and Andrey Lazarev 9 May 2001 

Introduction 

We consider the Adams Spectral Sequence for i?-modules based on localized 
regular quotient ring spectra over a commutative S*-algebra R in the sense 
of [11, 16], making systematic use of ideas and notation from those two sources. 
This work grew out of a preprint [4] and the work of [6]; it is also related to 
ongoing collaboration with Alain Jeanneret on Bockstein operations in cohom- 
ology theories defined on i?-modules [7] . 

One slightly surprising phenomenon we uncover concerns the convergence of the 
Adams Spectral Sequence based on E = i?/7[X _1 ], a commutative localized 
regular quotient of a commutative S'-algebra R. We show that the spectral 
sequence for tt^Sr collapses at E2, however for r ^ 2, E r has no vanishing 
line because of the presence of polynomial generators of positive cohomological 
degree which are infinite cycles. Thus only one of Bousfield's two convergence 
criteria [10] (see Theorems 2.3 and 2.4 below) apply here. Despite this, when 
the generating regular sequence of I* is finite, the spectral sequence converges 
to 7T* Sr, where is the Bousfield localization functor with respect to 
.E'-theory on the category of -R-modules and 

7T* hf Sr = R* [A _1 ]7, , 

the i*-adic completion of i?*pT -1 ]; we also show that in this case L E Sr ~ 

^R 

L e Sr, the £'-nilpotent completion of Sr. In the final section we describe some 
examples for the important case of R = MU , leaving more delicate calculations 
for future work. 

To date there seems to have been very little attention paid to the detailed ho- 
motopy theory associated with the category of i?-modules, apart from general 
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results on Bousfield localizations and Wolbert's work on K-theoretic localiza- 
tions in [11, 19]. We hope this paper leads to further work in this area. 
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Background assumptions, terminology and technol- 
ogy 

We work in a setting based on a good category of spectra S such as the category 
of L-spectra of [11]. Associated to this is the subcategory of S'-modules Ms 
and its derived homotopy category T>s- 

Throughout, R will denote a commutative 5-algebra in the sense of [11]. There 
is an associated subcategory Mr of Ms consisting of the i?-modules, and its 
derived homotopy category Dr and our homotopy theoretic work is located in 
the latter. Because we are working in T)r, we frequently make constructions 
using cell i?-modules in place of non-cell modules (such as R itself). 

For i?-modules M and N , we set 

M?N = 7r*MAiV, N* R M = T) R (M, TV)*, 

R 

where V R (M,N) n = T>r(M, T, n N) . 

We will use the following terminology of Strickland [16]. If the homotopy ring 
R* = tt*R is concentrated in even degrees, a localized quotient of R will be an 
R ring spectrum of the form i?//[A _1 ] . A localized quotient is commutative if 
it is a commutative R ring spectrum. A localized quotient R/IlX" 1 ] is regular 
if the ideal /* < i?* is generated by a regular sequence ui, U2, ■ ■ ■ say. The ideal 
/* < R* extends to an ideal of i?*[A _1 ] which we will again denote by J* ; then 
as ^-modules, R/I[X- 1 } ~ ^[X^ 1 ]//. 

We will make use of the language and ideas of algebraic derived categories of 
modules over a commutative ring, mildly extended to deal with evenly graded 

Algebraic & Geometric Topology, Volume 1 (2001 ) 



176 



Andrew Baker and Andrey Lazarev 



rings and their modules. In particular, this means that chain complexes are 
often bigraded (or even multigraded) objects with their first grading being ho- 
mological and the second and higher ones being internal. 

1 Brave new Hopf algebroids and their cohomology 

If E is a commutative i?-ring spectrum, the smash product EAE is also a 

R 

commutative i?-ring spectrum. More precisely, it is naturally an i?-algebra 
spectrum in two ways induced from the left and right units 

E -=-> EAR — > EAE < — EAR <-=- E. 

R R R 

Theorem 1.1 Let E^E be flat as a left or equivalently right E* -module. 
Then the following are true. 

i) (E^,E^E) is a Hopf algehroid over R* . 

ii) for any R-module M , E^M is a left E^E-comodule. 

Proof This is proved using essentially the same argument as in [1, 15]. The 
natural map 

EAM -=-> EARAM — ► EAE AM 
R R R R R 

induces the coaction 

tp: E^M — ► tt*EAEaM -=-+ E?E®E?M, 
R R E, 

which uses an isomorphism 

tt*EAEAM ^ E?E<g)E?M. 
R R E, 

that follows from the flatness condition. □ 

For later use we record a general result on the Hopf algebroids associated with 
commutative regular quotients. A number of examples for the case R = MU 
are discussed in Section 7. 

Proposition 1.2 Let E = R/I be a commutative regular quotient where I* 
is generated by the regular sequence u±, v,2, ■ ■ ■ ■ Then as an E* -algebra, 

E?E = A E ,( Ti :i> 1), 
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where degTj = degUj + 1. Moreover, the generators T{ are primitive with 
respect to the coaction, and E^E is a primitively generated Hopf algebra over 
E* . 

Dually, as an E* -algebra, 

E* R E = % E ,{Q i :i>\), 

where Q l is the Bockstein operation dual to T{ with degQ* = degUj + 1 
and Ae,( ) indicates the completed exterior algebra generated by the anti- 
commuting Q l elements. 

The proof requires the Kiinneth Spectral Sequence for i?-modules of [11], 

E l,q = ToI p,q( E *i E *) E p+q E - 

This spectral sequence is multiplicative, however there seems to be no published 
proof in the literature. At the suggestion of the referee, we indicate a proof of 
this due to M. Mandell and which originally appeared in a preprint version 
of [12]. 

Lemma 1.3 If A and B are R ring spectra then the Kiinneth Spectral Se- 
quence 

Tor R *(A*,B*) A*B = tt*AaB 

H 

is a spectral sequence of differential graded R* -algebras. 

Sketch proof To deal with the multiplicative structure we need to modify the 
original construction given in Part IV section 5 of [11]. We remind the reader 
that we are working in the derived homotopy category Dr . 

Let 

• • • — ► F p ^ ^p-i,* — > • • • E o,* ^4* —> 

be an free R* -resolution of A*. Using freeness, we can choose a map of com- 
plexes 

which lifts the multiplication on A* . 

For each p ^ let F p be a wedge of sphere .R-modules satisfying 7r*F p = F p ^. 
Set A'q = Fo and choose a map <po : A' Q — ► A inducing /q in homotopy. If Qo 
is the homotopy fibre of (po then 

vr*Qo = ker /o 
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and we can choose a map Fi — > Qo for which the composition ip[ : F\ — > 
Qo — > Fg induces f\ in homotopy. Next take A\ to be the cofibre of cp^ . 
The map <po has a canonical extension to a map ip\ : A!-y — ► A. If Qi is the 
homotopy fibre of 991 then 

^E^Qi = ker fi, 

and we can find a map F2 — ► £Qi for which the composite map (p' 2 : F2 — > 
Qi — > Fi induces /2 in homotopy. We take A 2 to be the cofibre of tp' 2 and 
find that there is a canonical extension of (fi to a map ^p 2 ■ A 2 — > A . 

Continuing in this way we construct a directed system 

4,-4 — >4 — ••• (1.1) 

whose telescope ^4' is equivalent to A . Since we can assume that all consecutive 

maps are inclusions of cell subcomplexes, there is an associated filtration on A' . 

Smashing this with B we get a filtration on A'AB and an associated spectral 

R 

sequence converging to A^B. The identification of the E2-term is routine. 

Recall that A and therefore A 1 are R ring spectra. Smashing the directed 
system of (1.1) with itself we obtain a filtration on A'AA' , 

A' AA' — > ► (J A\AA) — > (J ^A^ (1.2) 

i+j=k i+j=k+l 

where the nitrations terms are unions of the subspectra A^AAj. Proceeding 

by induction, we can realize the multiplication map A' A A' — ► A' as a map 

of filtered /^-modules so that on the cofibres of the filtration terms of (1.2) it 
agrees with the pairing [i. 

We have constructed a collection of maps A[ i tvA\- — > A' i+ - . Using these maps 
and the multiplication on B we can now construct maps 

A'iABAA'.AB — ► A i+i AB 

l R R 3 R J R 

which induce the required pairing of spectral sequences. □ 

Proof of Proposition 1.2 As in the discussion preceding Proposition 5.1, 
making use of a Koszul resolution we obtain 

The generators have bidegree bidegej = (1, \ui\), so the differentials 

jr . -pr Tjir 

• p,q p—r,q+r—l 
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are trivial on the generators for dimensional reasons. Together with multi- 
plicativity, this shows that spectral sequence collapses, giving 

E?E = A E .(n--i> 1), 
where the generator T{ has degree deg Tj = deg Ui + 1 and is represented by . 
For each i, 

(R/ Ul )?(R/u t )=A Rf/{Ui) (T>) 

with degr/ = \v,i \ + 1. Under the coproduct, t[ is primitive for degree reasons. 
By comparing the two Kiinneth Spectral Sequences we find that n £ E^E 
can be chosen to be the image of t[ under the evident ring homomorphism 
(R/ui)^(R/ui) — ► E^E, which is actually a morphism of Hopf algebroids 
over i?*. Hence Tj is coaction primitive in E^E. 

For E R E, we construct the Bockstein operation Q l using the composition 
R/m — ► T,^ +1 R — ► sl^l+^/nj 

to induce a map 

£ — > El«il+i£; ) then use the Koszul resolution to determine 
the Universal Coefficient Spectral sequence 

E2' 9 = Ext™(£*, £*) =}► E R +q E 

which collapses at its E2-term. Further details on the construction of these 
operations appear in [16, 7]. □ 

Corollary 1.4 i) The natural map E* = E^R — ► E^E induced by the unit 
R — ► R/I is a split monomorphism of E* -modules. 

ii) E^E is a free E* -module. 

Proof An explicit splitting as in (i) is obtained using the multiplication map 

EAE — ► E which induces a homomorphism of E* -modules E^E — ► E*. □ 
R 

We will use Coext to denote the cohomology of such Hopf algebroids rather than 
Ext since we will also make heavy use of Ext groups for modules over rings; 
more details of the definition and calculations can be found in [1, 15]. Recall that 
for E^ E -covnodules and M* where L* is ^-projective, Coext s ^r e (£*, M#) 
can be calculated as follows. Consider a resolution 

— > — > Jo 5 * — > Ji t * — ► • • • — > J s ,* — ► ■ ■ ■ 
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in which each J s * is a summand of an extended comodule 



E*E □ N s ^, 

for some E 1 * -module N Sj *. Then the complex 

— > Honigfl E (L,, Jo,*) — ► Hom* E R E (L^, J^*) 

— ► • • • — ► Homg J j fi (L i | t , J s ,*) — > • • • 

has cohomology 

H s (Hom^(L*, J*,*)) = Coextg E (L*,M*). 

The functors Coext^ E (L*, ) are the right derived functors of the left exact 
functor 

-w Rom* E R E (L*,M*) 

on the category of left E^-E-comodules. By analogy with [15], when = E 1 * 
we have 

Coert E % E (E*, M*) = Cotor^ £ (.E*,M*). 

2 The Adams Spectral Sequence for i?-modules 

We will describe the .E-theory Adams Spectral Sequence in the homotopy cat- 
egory of i?-module spectra. As in the classical case of sphere spectrum R = S , 
it turns out that the E2-term is can be described in terms of the functor 
Coext e r E . 

Let L, M be i?-modules and E a commutative .R-ring spectrum with E^E 
flat as a left (or right) E* -module. 

Theorem 2.1 If E^L is projective as an E* -module, there is an Adams Spec- 
tral Sequence with 

E S /(L,M) = Coext^ E (£fL,£fM). 

Proof Working throughout in the derived category T)r , the proof follows that 
of Adams [1], with Sr ~ R replacing the sphere spectrum S. The canonical 
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Adams resolution of M is built up in the usual way by splicing together the 
cofibre triangles in the following diagram. 

M ^ EAM ^ EAEAM ^_ 

R R R 



EAM EAEAM 
R R R 

The algebraic identification of the E2-term proceeds as in [1]. □ 

In the rest of this paper we will have L = Sr ~ R, and set 

E%\M) = Coert% t n E (E*,E?M). 

We will refer to this spectral sequence as the Adams Spectral Sequence based 
on E for the i?-module M. 

To understand convergence of such a spectral sequence we use a criterion of 
Bousfield [10, 14]. For an .R-module M , let D S M (s ^ 0) be the i?-modules 
defined by D$M = M and taking D S M to be the fibre of the natural map 

D S _]M = RADg-xM — ► EADg-xM. 
R R 

Also for each s ^ let K S M be the cofibre of the natural map D S M — ► M . 
Then the E -nil-potent completion of M is the homotopy limit 

^R 

L E M = holim K S M. 

s 

Remark 2.2 It is easy to see that if M — ► N is a map of i?-modules which 
is an ^-equivalence, then for each s, there is an equivalence K S M — ► K S N , 
hence 

L%M ~ L§N. 

Theorem 2.3 If for each pair (s , t) there is an ro for which E S /(M) = E S J(M) 
whenever r ^ ro, then the Adams Spectral Sequence for M based on E con- 
verges to 7r*LgM. 

Although there is a natural map L^M — ► L^M , it is not in general a weak 
equivalence; this equivalence is guaranteed by another result of Bousfield [10]. 

Theorem 2.4 Suppose that there is an n such that for every R-module N 
there is an s± for which Er'*(-AT) = whenever r ^ r\ and s ^ s±. Then for 
every R-module M the Adams Spectral Sequence for M based on E converges 
to ir^LgM and 

l|m ~ l|m. 
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3 The Universal Coefficient Spectral Sequence for 
regular quotients 

Let R be a commutative S'-algebra and E = R/I a commutative regular quo- 
tient of R, where u±,U2, ■ ■ ■ is a regular sequence generating I*< R*. 

We will discuss the existence of the Universal Coefficient Spectral Sequence 

El, = Ext£ {E?M, TV*) N* R M, (3.1) 

where M and N are i?-modules and ./V is also an .E-module spectrum in Mr . 
The classical prototype of this was described by Adams [1] (who generalized a 
construction of Atiyah [2] for the Kiinneth Theorem in ET-theory) and used in 
setting up the E'-theory Adams Spectral Sequence. It is routine to verify that 
Adams' approach can be followed in D R . We remark that if E were a commu- 
tative i?-algebra then the Universal Coefficient Spectral Sequence of [11] would 
be applicable but that condition does not hold in the generality we require. 

The existence of such a spectral sequence depends on the following conditions 
being satisfied. 

Conditions 3.1 E is a homotopy colimit of finite cell i?-modules E a whose 
i?-Spanier Whitehead duals DnE a = 3 R (E a ,R) satisfy the two conditions 

(A) E^B R E a is -projective; 

(B) the natural map 

N R M — ► Hom^ (E^M, N m ) 

is an isomorphism. 

Theorem 3.2 For a commutative regular quotient E = R/I of R, E can be 
expressed as a homotopy colimit of finite cell R-modules satisfying the condi- 
tions of Condition 3.1. In fact we can take E^D R E a to be E^-free. 

The proof will use the following Lemma. 

Lemma 3.3 Let u <G R2d be non-zero divisor in R* . Suppose that P is an 
R-module for which E^P is E* -projective and for an E -module R-spectrum 

N, 

NrP — Hoiiie, (E^P, iV* ) . 
Then E^P/\R/u is E* -projective and 

N R Pf\R/u Hom B , {E^PAR/u, N*). 
R R 
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Proof Smashing EAP with the cofibre sequence (3.2) and taking homotopy, 
R 

we obtain an exact triangle 



E?P- 



u 



E?P 



E^PAR/u 



R 



As multiplication by u induces the trivial map in E R -homology, this is actually 
a short exact sequence of -modules, 

E^PAR/u 







E?P 



E?P 



R 







which clearly splits, so E^PAR/u is P* -projective. 

R 

In the evident diagram of exact triangles 

N R P 



■ N* R P 



N* R PAR/u ' 



ttom Et (E?P,N*) 



■rlom E ^E?P,N«) 



Hom E .(E?PAR/u,N*) 



R 



the map N R P — ► Hom£, (E R P, TV*) is an isomorphism, so 

N* R PAR/u — ► Rom Et (E R PAR/u, TV* 
R 

is also an isomorphism by the Five Lemma. 



R 



Proof of Theorem 3.2 Let m, U2, ■ ■ ■ be a regular sequence generating I* < 
i?*. Using the notation R/u = R/(u), we recall from [16] that 

E = hocolimP/uiAP/ti 2 A • • • AR/u k . 
k R R R 

For u G i?2d a non-zero divisor, the i?*-free resolution 

-> P* — » P* i?*/(u) -» 

corresponds to an i?-cell structure on R/u with one cell in each of the dimen- 
sions and 2d + 1 . There is an associated cofibre sequence 

► S M P — ► P/u — ► S M+1 P — ► • ■ ■ , (3.2) 



Algebraic & Qeometric Topology, Volume 1 (2001 ) 



184 



Andrew Baker and Andrey Lazarev 



for which the induced long exact sequence in E R -homology shows that E R R/u 
is E^-free. The dual T>rR/u is equivalent to £ _ ( 2d+1 ).R/-u, hence R/u is es- 
sentially self dual. 

For an .E-module spectrum N in there are two exact triangles and mor- 
phisms between them, 



N R R - 



^ N R R 



N* R R/u 



■Hom Et (£ t ,iV») 



Hom^^TV*) 



Hom £t (E R R/u,N*) 

The identifications 

AT, N R R Hom Er (E*,N*), 
and the Five Lemma imply that 

N* R R/u Hom E , (E R R/u, N*). 
Lemma 3.3 now implies that each of the spectra R/u\AR/u2A ■ • • AR/u^ satis- 

Ft Ft Ft 

fies conditions (A) and (B). □ 



4 The Adams Spectral Sequence based on a regular 
quotient 

For an .R-module M, let denote the s-fold i?-smash power of M , 

M {s) = MAMA ■ ■ ■ AM. 

Ft Ft Ft 

If M is an -module, then 

M (s) = M A M A ■■■ AM. 
R[X-t\ RIX- 1 ] 

Let E = -R//LY -1 ] be a localized regular quotient and u\,U2,--- a regular 
sequence generating I* . We will discuss the Adams Spectral Sequence based 
on E. By Remark 2.2, we can work in the category of R[X~ 1 } -modules and 
replace the Adams Spectral Sequence of Sr by that of S R y x -t] ■ To simplify 
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notation, from now on we will replace R by R[X x ] and therefore assume that 
E = R/I is a regular quotient of R. 

First we identify the canonical Adams resolution giving rise to the Adams Spec- 
tral Sequence based on the regular quotient E = R/I . We will relate this to a 
tower described by the second author [12], but the reader should beware that 
his notation for 1^ is I s which we will use for a different spectrum. 

There is a fibre sequence I — > R — ► R/I and a tower of maps of i?-modules 

R < I < /( 2 ) < < /(«) < < 

in which /( s+1 ) — ► is the evident composite 

> RA j(s) = jW_ 

it 

Setting i?/7W = cofibre(/( s ) — ► i?) , we obtain a tower 

^— i?// (2) ^ i?// (s) ^— J R// (s+1) < 

which we will refer to as the external I-adic tower. The next result is immediate 
from the definitions. 

Proposition 4.1 We have 

D S R = R, D a S R = &\ (Ol), 

and 

k s s r = r/i( s+ v (0 0). 



It is not immediately clear how to determine the limit 

L%S R = holim-R/jW. 

s 

Instead of doing this directly, we will adopt an approach suggested by Bous- 
field [10], making use of another .E-nilpotent resolution, associated with the 
internal I-adic tower to be described below. 

In order to carry this out, we first need to understand convergence. We will 
see that the condition of Theorem 2.3 is satisfied for a commutative regular 
quotient E = R/I . 

Proposition 4.2 The E2 -term of the E -theory Adams Spectral Sequence for 
k*Sr is 

E S /(S R ) = Coextg^ = E*[Ui : i> 1], 
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where bidegf/j = (l,|itj| + 1). Hence this spectral sequence collapses at its 
E 2 -term 

and converges to tt^L^Sr. 
Proof By Proposition 1.2, 

with generators r, which are primitive with respect to the coproduct of this 
Hopf algebroid. The determination of 

Coext^ E (£ , *,£'*) 

is now standard and the differentials are trivial for degree reasons. □ 
Induction on the number of cells now gives 

Corollary 4.3 For a finite cell R-module M , the E -theory Adams Spectral 
Sequence for ir*M converges to tt*L e M . 

5 The internal 7-adic tower 

Suppose that I* < i?* is generated by a regular sequence u±,U2, ■ ■ ■ ■ We will 
often indicate a monomial in the Ui by writing uu ljmM _ ^ = ■ ■ ■ Ui k . We will 
write E = R/I and make use of algebraic results from [5] which we now recall 
in detail. 

For s ^ 0, we define the -R-module I s /I s+1 to be the wedge of copies of E 
indexed on the distinct monomials of degree s in the generators Uj. For an 
explanation of this, see Corollary 5.4. 

We will show that there is an (internal) I -adic tower of i?-modules 

r/i i — r/i 2 i < — R/r * — r/i s+1 i 

so that for each s ^ the fibre sequence 

R/r < — r/i s+1 <— r/r +1 

corresponds to a certain element of 

Ext Rt (R*/n,i s jn +1 ) 

Algebraic & Geometric Topology, Volume 1 (2001 ) 



On the Adams Spectral Sequence for R-modules 



187 



in E2-term of the Universal Coefficient Spectral Sequence of [11] converging to 
V R (R/I S ,I S /I S+1 )*. On setting I s = fibre( J R — ► R/I s ) we obtain another 
tower 

r < — i < — i 2 < < — r « — r +1 < 

which is analogous to the external version of [12]. A related construction ap- 
peared in [3, 8] for the case of R = E(n) (which was shown to admit a not 
necessarily commutative S'-algebra structure) and I = I n . 

Underlying our work is the classical Koszul resolution 
where 

K*,* = A Rsf (ei 

which has grading given by degej = \ui \ + 1 and differential 

da = Ui, 

d(xy) = (dx)y + (-lfxdy (x G K r ,*, y G K S) *). 

Hence (K^jd) is an i?*-free resolution of R*/I* which is a differential graded 
i?* -algebra. Tensoring with R*/I* and taking homology leads to a well known 
result. 

Proposition 5.1 As an R*/ 1* -algebra, 

Tor*:(R*/h,R*/Q = A Rt/h {e t 

Corollary 5.2 Tor^i?*//*, 12*//*) is a free R*/ 1* -module. 

This is of course closely related to the topological result Proposition 1.2. 

Now returning to our algebraic discussion, we recall the following standard 
result. 

Lemma 5.3 ([13], Theorem 16.2) For s ^ 0, /*//* +1 is a free R*/h-module 
with a basis consisting of residue classes of the distinct monomials U(i lt ...,i a ) of 
degree s. 

Corollary 5.4 For s ^ 0, there is an isomorphism of R*-modules 

ttj s /i s+i = i s ji: +i . 

Hence 7r*/ s // s+1 is a free R*/I*-module with a basis indexed on the distinct 
monomials ..,j s ) of degree s. 
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(s) 

Let U; be the free i?* -module on a basis indexed on the distinct monomials 
of degree s in the Ui . For s ^ , set 

qS = k^^u! s) , d^ = d®i, 

and also for x £ K*,* write 

x U(il,...,i.) = x ® «(«,..., *.)■ 
There is an obvious augmentation 

Lemma 5.5 For s ^ 1, 

qS ^ /j/ir 1 - o 

is a resolution by free R*-modules. 



Given a complex (C**,dc), the /c-shifted complex (C[£;]* *, dc[&]) is defined 
by 

C[k] nt * = C n+fe; *, dc[fc] = dc • 

There is a morphism of chain complexes 

r 

d {s+1) e h • • • e ir u {ju „, Ja) = ^2(-l) k e h e ir u Uu __, >ja) . 

k=l 

Using the identification Q( s+1 )[— l] n ^ = Q^l\, we will often view <9( s+1 ) as a 
homomorphism 

x(s+i) . q(«) n (s+1) 

of bigraded -R* -modules of degree —1. 
There are also external pairings 

2%i,...,i s ) ®yu{ju-,js) 1 — ' x yu(ii,...,i s ,ji,-,js) ( x >y G K *,*)- 

In particular, each Q*,* is a differential module over the differential graded 
i?* -algebra k!°] and <9( s+1 ) is a k!°* -derivation. 
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Theorem 5.6 For s ^ 1, there is a resolution 

k!7 1} ^—^ rjii -> o, 

by free i?* -modules, where 

K&- 1 ) = Qi$eQW0...©Q&- 1) , 
and the differential is 

d^- 1 ) = (d^aw + dg\a< 2 > + dg ) , . . . .tf- 1 ) + d^ 1} ). 

In fact (k!** 1 - > ,d^ s_1 )) is a differential graded R* -algebra which provides a 
multiplicative resolution of R*/I s , with the augmentation given by 

£^ S ~ 1 \x ,X 1 U il ,. . . ^s-iSi^J = X + XiUij H h Sa-lUi^!- 

The algebraic extension of i?* -modules 

<- R*/Il <— R*/It +1 «— PJIi +1 <- 
is classified by an element of 

E^(R,/It,I s JIt +1 ) = Hom B ^(iVJ:,£/£ +1 [-l])> 

where Hom^ denotes morphisms in the derived category Dn, °f the ring 
R* [18]. This element is represented by the composite 

g« : K ( 7 D Q ( 7 D Q W[_i]^. (5.1) 

The analogue of the next result for ungraded rings was proved in [5] ; the proof 
is easily adapted to the graded case. 

Proposition 5.7 For each s ^ 2, the following complex is exact: 

ToT*i(R*/I*,R*/Q ^ Tor*; V'*) 

«L_> . . . * > Tor^^/i^/rV^)- 

Theorem 5.8 For s ^ 2, 

Tor*l(R*/h,R*/I°) = R*/h © coker dl*^. 

This is a free R^/I^-module and with its natural R^/I* -algebra structure, 
Tor^j(i2*//*,i2*//*) has trivial products. 

Given this algebraic background, we can now construct the f-adic tower. 
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Theorem 5.9 There is a tower of R-modules 

R/I * — R/I 2 * < — R/I s < — R/I s+1 * 

whose maps define fibre sequences 

R/r <— r/i s+1 <— r/r +1 

which in homotopy realise the exact sequences of R* -modules 

<- R*/Il — R*/Il +1 <— PJI s + l <- 0. 
Furthermore, the following conditions are satisfied for each s ^ 1 . 

(i) E^R/I S is a free -module and the unit induces a splitting 

E^R/I S = E,® (ker: E*R/I a — ► E*); 

(ii) the projection map R/I s+1 — > R/I s induces the zero map 

(ker: E?R/I S+1 — £*) — > (ker: E*R/I a — > £*); 

(iii) the inclusion map j s : I s /I s+1 — ► R/I s+l induces an exact sequence 

ERp-i/p ^ E?I S /I S+1 ^ (ker: E^R/I s+l — ► E*) -> 0. 

Proof The proof is by induction on s. Assuming that R/I s exists with the 
asserted properties, we will define a suitable map 5 S : R/I s — > T,I S /I S+1 which 
induces a fibre sequence of the form 

R/r <— < — r/r +1 , (5.2) 

for which 7r*X( s+1 ) = R*/I^ +1 as an R* -module. 

If M is an i?-module which is an E module spectrum, Theorem 3.2 provides 
a Universal Coefficient Spectral Sequence 

E*/ = Ext™(E?R/I s ,M*) T>r(R/I s , M) p+q . 

Since E^R/I S is i£*-free, this spectral sequence collapses to give 

V R (R/I S ,M)* = Rom* Et (E?R/I s ,M*). 

In particular, for M = I s /I s+1 , 

v R (R/r,r/r +1 r = nom n E ^ R/r,rji: +1 ). 

By (5.1) and Theorem 5.6, there is an element 

d[ s) € Kom%{E*R/P,Il/Il +1 [-\\) = Uom Er (E?R/I s ,1'JI* 1 ), 
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corresponding to an element 5 S : R/I s — ► S/ s // s+1 inducing a fibre sequence 
as in (5.2). It still remains to verify that 7T*X( S+1 ) = R^/I^ 1 as an -module. 

For this, we will use the resolutions K*^" 1 ^ — ► R*/It — > and K** — > 
R*/I* — > 0. These free resolutions give rise to cell iZ-module structures on 
R/I s and E. By [11], the i?-module EAR/ I s admits a cell structure with cells 

in one-one correspondence with the elements of the obvious tensor product basis 

(s—l) 

of K^tgjK^* . Hence there is a resolution by free .R* -modules 



K^^K^-V — ► E? R/I s -» 0. 



R 



There are morphisms of chain complexes 



K* )+ ^ > K^iSild^ ^ ► Q*,*[ 1], 



where p s is the obvious inclusion and 6 S is a chain map lifting di s ^ which can 
be chosen so that 



5 s (ei <8) x) = 0. 



(s— 1) 

The effect of the composite 5 s p s on the generator ejU( J - lj ... J j B _ 1 ) £ # turns 
out to be 



a 



* e i u (ji,...,j s _i) 



l (»Jl,-,Js-l)' 



while the elements of form e$ <8> u (j x ,... ,j fc _i) with k < s are annihilated. The 
composite homomorphism 



K 



(s-l) <5 s p s (s) 



Q^[-l]^^/J^[-l] 



l,* 



is a cocycle. There is a morphism of exact sequences 



«- 



R*m 



«- 



K 



■o,* 



- i?*/^ < 

where the cohomology class 



K 



K 



(s-l) 
2,* 



[ai] G Ext^*(i2* 



representsthe extension of i?* -modules on the bottom row. It is easy to see that 
[ai] = [eiS 8 p 8 ], hence this class also represents the extension of R* -modules 

<- R*/Il <— tt*X s+1 <— I s Ji: +1 <- 0. 
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There is a diagram of cofibre triangles 
R/p+l < !/p+i ^ 



js-l I js+l js I JS+l 



R/I 



I /I 2 



JS-LJJS 



I s /I 



s+1 



and applying E^( ) we obtain a spectral sequence converging to E^R/I s+l 
whose E2 -term is the homology of the complex 



9^ ERjs/js+1 ^ 0> 



_> EfR/I E*I/I 2 E?I 2 /I 3 

where the di k ^ are essentially the maps used to compute Torf * (R^/E, 
in [5]. By Proposition 5.7 and Theorem 5.8, this complex is exact except at the 
ends, where we have kerc^ = E*. As a result, this spectral sequence collapses 
at E3 giving the desired form for E^R/I S+1 . □ 

Corollary 5.10 For any E -module spectrum N and s ^ 1, 

N* R R/I S Rom Ef (E?R/I s ,N*). 

Proof This follows from Theorem 5.9(i). □ 

We will also use the following result. 

Corollary 5.11 For s ^ 1, the natural map 

E?R/I S+1 — » E?R/I a , 
has image equal to E* = E^R. 

Proof This follows from Theorem 5.9(h). □ 

Corollary 5.12 For any E -module spectrum N and s ^ 1, 

colimiV*#/r ^ N^R ^ N*. 



Proof This is immediate from Corollaries 5.10 and 5.11 since 
colimHom B ,( J Efi?// s ,iV*) Hom £ , iV*). 
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6 The 7-adic tower and Adams Spectral Sequence 

Continuing with the notation of Section 5, the first substantial result of this 
section is 

Theorem 6.1 The I-adic tower 

r/i < — r/i 2 < < — R/r < — r/i s+1 < 

has homotopy limit 

holim R/I s ~ L%Sr. 

s 

Our approach follows ideas of Bousfield [10] where it is shown that the following 
Lemma implies Theorem 6.1. 

Lemma 6.2 Let E = R/I . Then the following are true. 

i) Each R/I s is E-nilpotent. 

ii) For each E-nilpotent R-module M , 

colim V R (R/I S ,M)* = M_*. 

s 

Proof (i) is proved by an easy induction on s ^ 1 . 

(ii) is a consequence of Corollary 5.12. □ 

Since the maps R*/Il +1 — ► R*/I* are surjective, from the standard exact 
sequence for 7r*( ) of a homotopy limit we have 

Tr£%S R = limR*/I°. (6.1) 

s 

We can generalize this to the case where E is a commutative localized regular 
quotient. 

Theorem 6.3 Let E = R/IlX^ 1 ] be a commutative localized regular quotient 
of R. Then 

n£%S R = R*[X~% = limR^X- 1 }/^. 

If the regular sequence generating is finite, then the natural map S R — ► 
L^Sr is an E -equivalence, hence 

L%S R ~ L%S R , 
tt^L^Sr = i?*[X _1 ]7,. 
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Proof The first statement is easy to verify. 

By Remark 2.2, to simplify notation we may as well replace R by and 
so assume that E = R/I is a commutative regular quotient of R. 

Using the Koszul complex (An t (ej : j),d), we see that Tor^E 1 *, (i2*)7„) is the 
homology of the complex 

Afl,(ej : i)®CR*)?, = A (fl o fa : j) 

-ft* i * 

with differential d' = d®l. Since the sequence Uj remains regular in (i2*)7 > 
this complex provides a free resolution of i£* = 12* /i* as an (12* )7 -module 
(this is /etfee if the sequence Uj is not finite). Hence we have 

TorJ;(E„ (i?,)7J = Torl^ 1 * (£*, (12*)7J = £*. 

To calculate E^L^Sr we may use the Kiinneth Spectral Sequence of [11], 

E s / = Tor**(£*,L|S R ) S« t Lf 5 fl . 
By the first part, the E2-term is 

Tor*;(£*, (12*)7J = E* = E^R. 
Hence the natural homomorphism 

E?S R — ► tffLjfSfl 
is an isomorphism. □ 

If the sequence is infinite, the calculation of this proof shows that 
E^L^Sr = (R*)j r /I* 7^ 12* /I* = E*Sr 

and the Adams Spectral Sequence does not converge to the homotopy of the 
^-localization. 

An induction on the number of cells of M proves a generalization of Theo- 
rem 6.3. 

Theorem 6.4 Let E be a commutative localized regular quotient of R and 
M a Unite cell R-module. Then 

ttSeM = M*[X~% = R*[X~% <8>M*. 

If the regular sequence generating I* is finite, then the natural map M — ► 
L^M is an E -equivalence, hence 

l| m~l|m, 
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The reader may wonder if the following conjecture is true, the algebraic issue 
being that it does not appear to be true that for a commutative ring A, the 
extension A — ► A j is always flat for an ideal J < A , a Noetherian condition 
normally being required to establish such a result. 

Conjecture 6.5 The conclusion of Theorem 6.4 holds when E is any commu- 
tative localized quotient of R. 



7 Some examples associated with MU 

An obvious source of commutative localized regular quotients is the commu- 
tative 5-algebra R = MU and we will describe some important examples. It 
would appear to be algebraically simpler to work with BP at a prime p in 
place of MU , but at the time of writing, it seems not to be known whether BP 
admits a commutative S'-algebra structure. 

Example A: MU — ► H¥ p . 

Let p be a prime. By considering the Eilenberg-Mac Lane spectrum H¥ p as 
a commutative MU -algebra [111, we can form H¥„ A H¥ n . The Kiinneth 

Spectral Sequence gives 

E* t = Torf/ 7 *(F P ,F P ) H¥ P A / + U t H¥ p . 

Using a Koszul complex over MU * , it is straightforward to see that 

K* = A Fp (r J :j^0), 

the exterior algebra over F p with generators Tj G E^ 2 j ■ 

Taking R = MU and E = H¥ p , we obtain a spectral sequence 

E S /(MU) = Coext^J (Tj . :j>0) (Fp,Fp) ^> ^+^^^{7, 

where Iqo < MU \ is generated by p together with all positive degree elements, 
so MU^/Ioo = F p . Also, 

kS H f p s mu = (M?7*)7 oo . 
More generally, for a finite cell MU -module M , the Adams Spectral Sequence 
has the form 

E'-*(M) = Coext^ (T3: ^ 0) (Fp,OTpf ^M) vr^L^M, 

where 

tt,L H¥ M = (M,) i . 
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Example B: MU — ► E(n). 

By [11, 16], the Johnson- Wilson spectrum E(n) at an odd prime p is a commu- 
tative MU -ring spectrum. According to proposition 2.10 of [16], at the prime 2 
a certain modification of the usual construction also yields a commutative MU - 
ring spectrum which we will still denote by E(n) rather than Strickland's E(n)' . 

In all cases we can form the commutative MU -ring spectrum E(n) A E(n) and 

MU 

there is a Kiinneth Spectral Sequence 

E* t = ToT™ u *(E(n)*,E(n)*) =► E(n)f + u t E{n). 

By using a Koszul complex for MU (n)^ over MU * and localizing at v n , we 
find that 

E*,* = A B(n) ,(rj : j > 1 and j + p k - 1 with 1 < k < n), 
where A denotes an exterior algebra and Tj £ 2 j ■ So 

£(n)f ^(n) = A E{nh (Tj : j ^ 1 and j ^ p k - 1 with 1 < fc ^ n) 
as an E{n)* -algebra. 

When i? = MU and I? = E(n), we obtain a spectral sequence 
where 

7r*L E(n) MC/ = (MC/*)( P )K 1 ]j n+1 

and 

J n+ i = (ker: (Mf/*)^ 1 ] — > E(n)*) < M/7*^ 1 ]. 

In the E2-term we have 

E^MC/) = S(n),[l7j : < j + p k - 1 for < k < n], 

with generator ?7j € E^^^M/y) corresponding to an exterior generator in 
E(n)^ u E(n) associated with a polynomial generator of MU * in degree 2j 
lying in ker MU* — ► E{n)*. 

More generally, for a finite cell MC/-module M, 

E^(M) = Coext^ (r .^^^ 
where 

ttSe^M = Mj n+1 = (MU^v- 1 ]}^^. 
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Example C: MU — ► K(n). 

We know from [11, 16] that for an odd prime p, the spectrum K(n) representing 
the nth Morava .KT-theory K(n)*( ) is a commutative MU ring spectrum. 
There is a Kiinneth Spectral Sequence 

E% t = Tbr*f •(*(*)., K(n)*) => K(n)%>K{n), 

and we have 

Taking R = MU and E = K(n) , we obtain a spectral sequence 

E^(Mtf) = Coext^ (n)> . : ^^ 
where 

w*L K(n) MU = (MU*) Inoo 

with I n:00 = ker MU * — > K(n)*. In the E2-term we have 

E S /(MU) = E(n)*[Uj :0<jV/-1], 

with generator Uj € E^' • ?+1 (MC/) corresponding to an exterior generator in 
E(n)^ u E(n) associated with a polynomial generator of MU \ in degree 2k 
lying in kerMC/* — ► E(n)* (or when j = 0, associated with p). 

More generally, for a finite cell MJ7-module M , 

E S /(M) = Coext^ (n)> . :0< ^ n) {K{nUK{n)f u M) vr^L^M, 
where 

7r,L K(n) M = (M,) Jn)00 = (MC7,)/„ l00 ® Af„. 

ivi U * 



Concluding remarks 

There are several outstanding issues raised by our work. 

Apart from the question of whether it is possible to weaken the assumptions 
from (commutative) regular quotients to a more general class, it seems reason- 
able to ask whether the internal I-adic tower is one of R ring spectra. Since 
Lpi? = holimi?// s (at least when U is finitely generated), the localization 

S 

theory of [11, 19] shows that this can be realized as a commutative i?-algebra. 
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However, showing that each R/I s is an R ring spectrum or even an i?-algebra 
seem to involve far more intricate calculations. We expect that this will turn 
out to be true and even that the tower is one of i?-algebras. This should involve 
techniques similar to those of [12, 6]. It is also worth noting that our proofs 
make no distinction between the cases where I*<R* is infinitely or finitely gen- 
erated. There are a number of algebraic simplifications possible in the latter 
case, however we have avoided using them since the most interesting examples 
we know are associated with infinitely generated regular ideals in MU* . The 
spectra E n of Hopkins, Miller et al. have Noetherian homotopy rings and there 
are towers based on powers of their maximal ideals similar to those in the first 
author's previous work [3, 8]. 

We also hope that our preliminary exploration of Adams Spectral Sequences for 
-R-modules will lead to further work on this topic, particularly in the case R = 
MU and related examples. A more ambitious project would be to investigate 
the commutative S'-algebra MSp from this point of view, perhaps reworking 
the results of Vershinin, Gorbounov and Botvinnik in the context of MSp- 
modules [9, 17]. 
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